Abstract. In this article, for Banach left and right module actions, we will extend some propositions from Lau andÜ lger into general situations and we establish the relationships between topological centers of module actions. We also introduce the new concepts as Lw * w-property and Rw * w-property for Banach A − bimodule B and we investigate the relations between them and topological center of module actions. We have some applications in dual groups.
y
′′ → m * * * (x ′′ , y ′′ ) is not in general weak * − to − weak * continuous from Y * * into Z * * unless x ′′ ∈ X. Hence the first topological center of m may be defined as following Z 2 (m) = {y ′′ ∈ Y * * : x ′′ → m t * * * t (x ′′ , y ′′ ) is weak * − to − weak * − continuous}. whenever both limits exist for all bounded sequences (x i ) i ⊆ X , (y i ) i ⊆ Y and z ′ ∈ Z * , see [6, 18] . The regularity of a normed algebra A is defined to be the regularity of its algebra multiplication when considered as a bilinear mapping. Let [6, 14, 18] We may therefore define the topological centers of the right and left module actions of A on B as follows:
It is clear that
We note also that if B is a left(resp. right) Banach A − module and π ℓ : A × B → B (resp. π r : B × A → B) is left (resp. right) module action of A on B, then B * is a right (resp. left) Banach A − module. 
Proof.
(1) Let b ′′ ∈ B * * . Then, for every a ′′ ∈ Z B * * (A * * ), we have
It follow that π * * * * ℓ
Consequently a ′′ ∈ Z B * * (A * * ). (2) Prof is similar to (1).
Theorem 2-2. Assume that B is a Banach A−bimodule. Then we have the following assertions.
(
Thus, we conclude that π * * * * ℓ
Proof is similar to (1).
In the proceeding theorems, if we take B = A, we obtain some parts of Lemma 3.1 from [14] .
An element e ′′ of A * * is said to be a mixed unit if e ′′ is a right unit for the first Arens multiplication and a left unit for the second Arens multiplication. 
Thus we have
Definition 2-3. Let B be a left Banach A − module and e ′′ ∈ A * * be a mixed unit for A * * . We say that e ′′ is a left mixed unit for B * * , if Proof. Suppose that B * factors on the left with respect to A, but not on the right. 
factors on the right that is contradiction.
Corollary 2-5. Let B be a Banach A − bimodule and e ′′ ∈ A * * be a left mixed unit for B * * . If B * factors on the left, but not on the right, then Z B * * (A * * ) = Z t B * * (A * * ).
In the proceeding corollary, if we take B = A, then it is clear Z t e * * (A * * ) = A * * , and so we obtain Proposition 2.10 from [14] . Proof.
(1) Assume that b ′′ ∈ B * * . Since e ′′ is also mixed unit for A * * , there is a
Since B is a weakly complete, b ′′ ∈ B, and so B is reflexive. A functional a ′ in A * is said to be wap (weakly almost periodic) on A if the mapping a → a ′ a from A into A * is weakly compact. The procceding definition to the equivalent following condition, see [6, 14, 18] . For any two net (a α ) α and (b β ) β in {a ∈ A : a ≤ 1}, we have
whenever both iterated limits exist. The collection of all wap functionals on A is denoted by wap(A). Also we have a ′ ∈ wap(A) if and only if < a
Definition 2-7. Let B be a left Banach A − module. Then, b ′ ∈ B * is said to be left weakly almost periodic functional if the set {π ℓ (b ′ , a) : a ∈ A, a ≤ 1} is relatively weakly compact. We denote by wap ℓ (B) the closed subspace of B * consisting of all the left weakly almost periodic functionals in B * . The definition of the right weakly almost periodic functional (= wap r (B)) is the same. By [18] , the definition of wap ℓ (B) is equivalent to the following
for all a ′′ ∈ A * * and b ′′ ∈ B * * . Thus, we can write
Theorem 2-8. Suppose that B is a left Banach A − module. Consider the following statements.
Then for all a ∈ A and a ′′ ∈ A * * , we have
Hence aa ′′ ∈ Z B * * (A * * ).
In the proceeding theorem, if we take B = A, then we obtain Theorem 3.6 from [14] and the same as proceeding theorem, we can claim the following assertions: If B is a right Banach A − module, then for the following statements we have
A. The proof of the this assertion is similar to proof of Theorem 2-8.
Example 2-10. Suppose that 1 ≤ p ≤ ∞ and q is conjugate of p. We know that if G is compact, then L 1 (G) is a two-sided ideal in its second dual of it. By proceeding Theorem we have
Hence we conclude that 
Proof.
(1) Assume that b ′ ∈ wap ℓ (B) and π *
. Then for every b ′′ ∈ B * * and a ∈ A, we have 
Then we have the following statements
It follow that the adjoint of the mapping π * ℓ (b ′ , ) : A → B * is weak * − to − weak continuous. Conversely, let the adjoint of the mapping π *
It follow that b ′ ∈ wap ℓ (B).
(2) proof is similar to (1).
Corollary 2-12. Let A be a Banach algebra. Assume that a ′ ∈ A * and T a ′ is the linear operator from A into A * defined by T a ′ a = a ′ a. Then, a ′ ∈ wap(A) if and only if the adjoint of T a ′ is weak * − to − weak continuous. So A is Arens regular if and only if the adjoint of the mapping T a ′ a = a ′ a is weak * − to − weak continuous for every a ′ ∈ A * .
3. Lw * w-property and Rw * w-property In this section, we introduce the new definition as Lef t − weak * − to − weak property and Right−weak * −to−weak property for Banach algebra A and make some relations between these concepts and topological centers of module actions. As some conclusion, we have
Definition 3-1. Let B be a left Banach A − module. We say that a ∈ A has Lef t − weak * − to − weak property (= Lw * w− property) with respect to B, if for
If every a ∈ A has Lw * w− property with respect to B, then we say that A has Lw * w− property with respect to B. The definition of the Right − weak * − to − weak property (= Rw * w− property) is the same. We say that a ∈ A has weak * − to − weak property (= w * w− property) with respect to B if it has Lw * w− property and Rw * w− property with respect to B. If a ∈ A has Lw * w− property with respect to itself, then we say that a ∈ A has Lw * w− property.
For proceeding definition, we have some examples and remarks as follows. a) If B is Banach A-bimodule and reflexive, then A has w * w−property with respect to B.
Lw * w− property ]with respect to L p (G) whenever p > 1. b) Suppose that B is a left Banach A − module and e is left unit element of A such that eb = b for all b ∈ B. If e has Lw * w− property, then B is reflexive. c) If S is a compact semigroup, then C + (S) = {f ∈ C(S) : f > 0} has w * w−property.
Theorem 3-2. Suppose that B is a Banach A − bimodule. Then we have the following assertions.
(1) If A * * = a 0 A * * [resp. A * * = A * * a 0 ] for some a 0 ∈ A and a 0 has Rw * w− property [resp. Lw
for some a 0 ∈ A and a 0 has Rw * w− property [resp. Lw * w− property] with respect to B, then Z A * * (B * * ) = B * * .
(1) Suppose that A * * = a 0 A * * for some a 0 ∈ A and a 0 has Rw * w−
We conclude that a ′′ ∈ Z B * * (A * * ). Proof of the next part is the same as the proceeding proof.
(2) Let B * * = a 0 B * * for some a 0 ∈ A and a 0 has Rw * w− property with respect to B. Assume that (a
We conclude that π * *
Since a 0 has Rw * w− property with respect to B, π * *
It follow that b ′′ ∈ Z A * * (B * * ). The next part is similar to the proceeding proof. Example 3-3. i) Let G be a locally compact group. Since M (G) is a Banach L 1 (G)-bimodule and the unit element of M (G) has not Lw * w− property or Rw * w− property, by Theorem 2-3,
Assume that B is a Banach A − bimodule. We say that B factors on the left (right) with respect to A if B = BA (B = AB). We say that B factors on both sides, if B = BA = AB. Proof.
(1) Assume that B * factors on the left and A has Rw * w− property. Let
Then for all a ∈ A, we have
Thus, we conclude that π * *
It follow that a ′′ ∈ Z B * * (A * * ) = A * * . If B * factors on the right and A has Lw * w− property, then proof is the same as preceding proof.
(2) Let B * factors on the left with respect to A and A has Rw * w− property with respect to B. Assume that (a
Since A has Rw * w− property with respect to B, π * *
It follow that for all b ′′ ∈ B * * , we have
Theorem 3-6. Let B be a Banach A − bimodule. Then we have the following assertions.
(1) Suppose lim
Then A has Lw * w− property and Rw * w− property with respect to B. 
(1) Assume that a ∈ A such that ab We conclude that ab ′ β w → 0, so A has Lw * w− property. It also easy that A has Rw * w− property.
(2) Proof is easy and is the same as (1). Problems .
(1) Suppose that B is a Banach A − bimodule. If B is left or right factors with respect to A, dose A has Lw * w−property or Rw * w−property, respectively? (2) Suppose that B is a Banach A − bimodule. Let A has Lw * w−property with respect to B. Dose Z B * * (A * * ) = A * * ?
